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ABSTRACT
Bodies are prestressed with the intention to enhance their load carrying capacity. The
primary objective of this study is to understand the effect of prestressing the constituents
in composite bodies on the overall mechanical performance of the composites. This study
considers composites having linearized viscoelastic constituents which can exhibit either
fluid-like or solid-like behavior. A new class of elastic and viscoelastic constitutive models
with limiting strain or stress softening behavior has also been implemented. The effect of
stress relaxation in constituents of the prestressed composite on the overall load carrying
capacity of the composite is investigated. In both models discussed above, we deal with
linearized strains. Both analytical and numerical results are presented. The properties of
the composite, whether a brittle inclusion embedded in ductile matrix or a ductile inclusion
in brittle matrix are greatly influenced by the ratio of the induced prestress with respect to
the external load and thereby influences the load carrying capacity of the composite.
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NOMENCLATURE
Note that scalars are represented in plain italics, while bold-faced characters represent
either vectors or matrices.
R Set of all real scalars
Ra×b Set of all real matrices of size a× b
Aa×b Matrix in Ra×b
Aij Element in row i of column j of matrix A
In×n Identity matrix in Rn×n
n Degree of freedoms
∗ Convolution integral
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1. INTRODUCTION*
Composite materials are appealing in many structural applications since they can be
customized and engineered to achieve desired performances by varying constituent proper-
ties and microstructural arrangements. Despite their promising advantages, there are chal-
lenging scientific issues that continue to face engineers in designing and using compos-
ites. The multi-component and multi-scale nature of composites presents heterogeneities
at various scales: laminate, ply, and constituents, which cause stress discontinuities at
the interface between the layers and constituents, leading to debonding. When debond-
ing or delamination occurs, it disrupts load transfers between constituents, reducing the
overall performance of composites and shortening the life of composites. An effort has
been made to improve bonding performance between constituents by the development of
new adhesives and/or surface treatments of the inclusions: fibers or particles. Unfortu-
nately, a significantly strong bonding at the interface could lead to fracture or cracking in
the fiber and/or matrix constituents, especially when brittle constituents are considered.
Alternatively, prestressing method has been used to improve load carrying capacity of the
composites. We feel that the pre-stressing (especially compressive stresses) of one or more
of the constituents of a composite body will lead to enhancing the load-carrying capacity
of the composite. The ultimate goal is to carry out a novel theoretical and computational
study that assesses the overall performance of composites due to pre-stressing, at the mi-
croscopic level, one or more of the components of a composite with a view towards the
design and development of such bodies.
*Portions of this section have been reprinted with permission from ASCE from “Effect of prestress on the 
mechanical performance of composites” by Zhu, H., Muliana, A., and Rajagopal, K, 2015. J. Eng. Mech., 
141(7), 04015011.
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1.1 Literature review
The idea of prestressing, which refers to inducing internal stresses to improve the ex-
ternal load carrying capacity of structures, has been considered for decades, mainly with
regard to large scale infrastructures such as bridges, pipes, aircraft fuselages, etc.[4, 5, 6].
In reinforced concrete structures, the steel reinforcement is pre-stressed so that the overall
reinforced concrete structures are under compression, increasing the tension load carry-
ing capacity of the structures. Pre-stresses in civil structures have also been considered
by constructing curved structures. In manufacturing metallic pipes heating and cooling
processes are applied, a shrink-fit problem, to create residual stresses in the pipes. Sev-
eral experimental and analytical investigations have been conducted on prestressed steel-
concrete composite (PSCC) beams [7, 8, 9, 10, 11]. On the basis of these experiments,
it is suggested that compared to the conventional concrete beams, PSCC beams have sev-
eral advantages such as extending the elastic range, increasing the load carrying capacity,
decreasing the structural weight and improving the fatigue and fracture resistance [10, 12].
Except for the commonly used prestressing technique of structural materials like con-
crete, research in applying prestressing technique with regard to other systems such as
fiber-reinforced plastic (FRP) composites are relatively recent. FRP composites are widely
used in construction applications [13]. Mechanical testing of prestressed FRP composites
shows that the compressive prestress which is induced by fiber tension during curing can
significantly increase impact resistance, tensile strength, elastic modulus and flexural prop-
erties of the composites [14, 15]. The pre-stress has been applied to fiber reinforced poly-
mer (FRP) laminated composites cylinders under hydrostatic pressure like in submarine
applications, in which a ply is pre-stressed by applying tension in order to minimize axial
and hoop stresses [16]. At a smaller scale, i.e., microstructural scale, fiber pre-stress has
also been considered in manufacturing fiber reinforced composites in order to minimize
2
fiber waviness and overcome thermal residual stresses due to the processing at elevated
temperatures [16, 17, 18]. In a FRP composite, comprising of nylon fibers and polyester
resin, pre-stressing the fiber could significantly improve the matrix fracture toughness and
increase the energy absorber of the composite by 25% [19].
While most of the research that has been carried out concerns the development of var-
ious prestressing techniques such as induced prestress of elastic and viscoelastic bodies
[19] and experimental testing characterizing the mechanical properties of composites with
prestress [20], few systematic analytical studies have been carried out from which one can
get a good understanding of the effect of prestressing the constituents on the overall me-
chanical performance of composite materials. Studying the effect of prestress by consider-
ing detailed constitutive models of the constituents, i.e., models to describe elastic-plastic,
viscoelastic, visco-plastic, and other such models, has rarely been done before. The effect
of pre-stressing on constituents that are microscopic in size and then assessing the change
in response of the macroscopic composite due to the pre-stresses at the microscopic level
has not been studied.
Polymers have been used widely in replacement of many conventional materials. The
advantages of polymers are low cost and easy processing. However, they have some limi-
tations such as low stiffness and low strength [21]. To extend their applications, polymers
are often reinforced with particulate fillers, such as glass, micro-/nano-SiO2, carbon nan-
otubes to improve their physical and mechanical properties. The particulate reinforced
polymer composites have been investigated for their significant improvement in mechan-
ical properties [22, 23, 24, 25]. Extensive studies on the dependence of the mechanical
properties on the particle sizes have been conducted [26, 27]. The effect of prestressing
in the inclusion and particle-matrix interface adhesion condition have been overlooking.
The manufacturing processes and techniques for processing composites are, however, not
covered here.
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Furthermore, it has been shown recently that the class of elastic bodies is wider than the
classical Cauchy and Green elastic bodies [28, 29, 30, 31], if by an elastic body one means
a body incapable of dissipation. Later, a new class of quasi-linear model is formulated
to describe the nonlinear viscoelastic response of materials [32]. This study considers a
specific model that belongs to the general class introduced by Rajagopal [33]. This limiting
small strain model can describe the behavior of certain polymeric solids that exhibit limited
stretch. This limiting strain model is not the only model that can describe the limited strain
behaviour of materials. There are research concerning the description of the phenomenon
of limited chain extensibility using elastic models [34]. However, this newly proposed
model presents another interesting way to describe materials and solving boundary value
problems where classical linearized elastic model cannot succeed. There are already some
interesting results provided by Rajagopal and co-workers [28, 29, 30, 31, 33] by applying
this new model to solve some simple boundary value problems.
The correspondence principle between elastic solids and linear viscoelastic materials
is considered for solving the overall deformation of composites having viscoelastic con-
stituents. The correspondence principle for obtaining solutions to problems in linear vis-
coelasticity from the solution to the corresponding problem in elasticity is well established
[35]. Rajagopal and Wineman [36] extended the correspondence principle to the case of
a material defined through a linear constitutive relation that satisfy certain conditions and
thus the work in this study can be extended to other linear materials. Recently, Rajagopal
and Wineman [37] extended the correspondence to that between elastic and quasi-linear
viscoelastic materials, when certain conditions are met. Thus, one can also extend the re-
sults to the case of quasilinear viscoelastic materials, a class that is used widely to describe
biological solids.
Numerical algorithms that are compatible with general displacement based FE struc-
tural analyses for uncoupled thermo-mechanical analysis have been developed mainly for
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analyzing viscoelastic constitutive model and the limiting small strain elastic/viscoelastic
constitutive models. The numerical algorithm will be called at every material (Gaussian)
integration point within finite elements at each structural iteration to achieve structural
and material convergences simultaneously. For visoelastic models, there are many types
of algorithm such like incremental algorithm [38, 39] where the strain rate was modeled
as functions of the current stresses and the accumulated strains. The recurrence numer-
ical algorithm introduced by Taylor et al. [40] has also been used for solving a linear
viscoelastic integral equation. This approach has been used and developed to incorpo-
rated nonlinear effects due to stress, temperature, moisture, and aging [41, 42, 2, 43]. The
method bypasses the need to store entire history variables, which minimizes the storage
required in performing the integration. The convolution integral is divided into recursive
parts and allows the incremental formulation and integration for the current stress state
from the history variables stored at the previous time step, and the current time and strain
increments. For the implementation of the new class of quasilinear viscoelastic model,
this study adopts the one dimension algorithm reported in Muliana et al. [32] and extends
it to three dimensional problems.
1.2 Motivation and research objectives
Understanding the effect of prestressing the constituents on the overall mechanical
performance of composite materials has rarely been carried out. This work is aimed at
understanding the effect of pre-stressing the constituents of composites with a view to-
wards enhancing the overall load carrying capacity of the composites and studying the
effect of microstructural morphology on the overall mechanical performance of compos-
ites through the use of proper constitutive models for each constituent. This study starts
with simplified microstructures of composites, i.e., a circular inclusion embedded in two-
dimensional (2D) infinite matrix domain and a solid spherical inclusion placed in three-
5
dimensional (3D) infinite matrix. Exact analytical solutions based on linearized elasticity
and linearized viscoelasticity are obtained to understand the effects of prestressing and
properties of the constituents on the overall performance of the composites. The main
purpose of considering the simplified microstructures is to understand the feasibility in
enhancing the load carrying capacity of composites by prestressing the constituents. The
next step considers more realistic composite microstructures having several solid spheri-
cal particle arrangements dispersed in homogeneous matrix. Finite element (FE) method
is used to obtain approximate solutions to the boundary value problems. The overall per-
formance of composites with different interface/interphase behaviors and prestressed in-
clusions is examined. A limiting small strain constitutive model which belongs to a new
class of elastic/visoelastic bodies is implemented for the matrix constituent. The compar-
ison with the classical elastic/visoelastic constitutive model is discussed. More realistic
constitutive models that include time-dependence and a new class of elastic/viscoelastic
model are incorporated. The ultimate goal is to carry out a novel theoretical and compu-
tational study that assesses the overall performance of composites due to pre-stressing, at
the microscopic level, one or more of the components of a composite with a view towards
the design and development of such bodies.
The objectives of the current study are:
1) Analyze the overall performance of two composite systems comprising of a) brittle
inclusions (glass, ceramics) in a ductile matrix (metals, polymers) and b) ductile inclusions
in a brittle matrix. Linearized elastic response is considered for the brittle constituent while
linearized viscoelastic constitutive model is used for the polymeric constituent. Both two-
dimensional (2D) composites, having a circular inclusion, and three-dimensional (3D)
composites with a spherical inclusion are studied.
2) Perform numerical (finite element) analysis to examine the effects of different mi-
crostructural arrangements and residual (pre-) stresses on the overall mechanical perfor-
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mance of the composites. Composites with various interface matter and various volume
fractions are considered.
3) Formulate nonlinear limiting small strain and stress softening constitutive models
which belong to the new class of elastic/viscoelastic bodies and discuss the results in
contrast to the classical linearized elastic/viscoelastic bodies. Analyze the effect of the
presence of the inhomogeneity on the field variables of the body.
4) Study the effect of thermo-mechanical cycles during processing on the overall prop-
erties of the composites. Discuss a possible method to induce prestress on the brittle
inclusions, coated by soft polymer interphases, by temperature changes.
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2. ANALYTICAL SOLUTIONS OF PRE-STRESSING COMPOSITES*
This sections starts with briefly presenting kinematics and constitutive models with
linearized elastic and viscoelastic constituents. Analytical solutions for a single inclusion
embedded in a infinite medium for both 2D and 3D cases are discussed. The main purpose
of considering the simplified microstructures is to understand the feasibility in enhancing
the load carrying capacity of composites by prestressing the constituents.
2.1 Basic equations
2.1.1 Kinematics
Let X ∈ κR(B) denote a particle belonging to a body B in the reference configuration
κR(B), and x ∈ κt(B) denote the position of the same particle in the current configuration
κt(B), at time t. The mapping χ assigns each particle X ∈ κR(B) the position x at time
t, that is, x = χ(X, t). We assume χ is sufficiently smooth to make all the derivatives that
are taken to be meaningful. Let us denote the displacement u, the deformation gradient F
through
u := x−X, F := ∂χ
∂X
(2.1)
We define the Cauchy-Green stretch tensor B and C through
B := FFT , C := FTF (2.2)
and Green-St.Venant strain E through
E :=
1
2
(C− I) (2.3)
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*Portions of this section have been reprinted with permission from ASCE from “Effect of prestress on the
mechanical performance of composites” by Zhu, H., Muliana, A., and Rajagopal, K, 2015. J. Eng. Mech., 
141(7), 04015011.
Under the assumption
max
x∈κ(B),t∈R
‖∂u
∂x
‖ = 0(δ), δ  1 (2.4)
where ‖.‖ stands for the usual trace norm. We have the linearized strain ε
ε =
1
2
[(
∂u
∂x
) +
∂u
∂x
)T ] (2.5)
2.1.2 Constitutive equations for linearized elastic/viscoelastic model
The constitutive equation for a classical linearized elastic material is:
ε =
1 + ν
E
σ − ν
E
(trσ)I (2.6)
The Cauchy stress σ in a generalized linearized viscoelastic model is given as:
σ = 2µR ∗ dε+ (KR − 2
3
µR) ∗ d(trε)I, (2.7)
where µR, KR are the shear relaxation modulus and bulk relaxation modulus, respectively.
ε is the linearized strain. ∗ denotes the convolution integral.
The model can also be expressed equivalently by defining the linearized strain as:
ε = (1 + pi) ∗ dJ ∗ dσ − pi ∗ dJ ∗ d(trσ)I, (2.8)
where we refer pi as the normal strain contraction ratio function, sometime referred as
Poisson’s effect and J as the creep compliance. This former notion is not strictly correct
as the response of a viscoelastic fluid depends on the strain rate and one does not have a
stress-strain relation for such materials and this material function is strain rate dependent.
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However, for slow enough ”flows” we shall assume that this function is in fact a constant.
Polymers in general can have time-dependent Poisson’s effect. However, time-independent
Poisson’s effect for polymeric materials has also been reported. For example, Schapery
mentions that Poisson’s function of epoxy is very nearly constant even when the uniaxial
and shear moduli are significantly time- and frequency-dependent [44]. Moal and Per-
reus experimentally found that the Poisson’s function of a tested resin is invariant with
respect to time [45]. This study chooses Poisson’s effect to be a constant, however, it is
straightforward to allow Poisson’s function to be time dependent.
2.1.3 Boundary value problem
The boundary value problem are solved by satisfying the following conditions:
divσ = 0 x ∈ κt(B) (2.9)
σn = tˆ x ∈ ∂κtt(B), u = uˆ x ∈ ∂κut (B)
where tˆ and uˆ are the prescribed traction and displacement on the boundaries ∂κtt(B),
∂κut (B), respectively. And ∂κ
t
t(B) ∪ ∂κut (B) = ∂κt(B), ∂κtt(B) ∩ ∂κut (B) = ∅.
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2.2 Analytical solutions
This study starts with simplified microstructures of composites and exact analytical
solutions based on linearize elasticity and linearized viscoelasticity are obtained to un-
derstand the effects of prestressing and properties of the constituents on the overall per-
formance of composites. The main purpose of considering the simplified microstructures
is to understand the feasibility in enhancing the load carrying capacity of composites by
prestressing the constituents. Also, the comparison of results from exact solutions and
numerical solutions justfy the use of numerical approximation.
Consider a 2D composite, comprising of a solid circular inclusion, or a 3D composite,
having a solid spherical inclusion, of a radius a, embedded in a matrix of infinite medium
with a uniform constant traction T applied at the boundary. The first composite system
under consideration comprises of a brittle inclusion bonded to a ductile matrix. There are
many examples of composite materials that belong to this category, such as glassy/carbon
inclusion in polymeric matrix, ceramic inclusion in metallic/polymeric matrix, brittle ag-
gregate in asphalt matrix, etc.
It is assumed that the inclusion behaves like linear elastic isotropic and homogeneous
solids, while the matrix is comprised of a linear viscoelastic body. Both the Linear
Maxwell fluid model and the Standard linear solid (SLS) model are employed to describe
the linear viscoelastic behavior of the matrix. It is further assumed that the inclusion and
the matrix are perfectly bonded.
The solutions to field variables, i.e., deformation and stress fields in the inclusion and
matrix, are determined by imposing equilibrium and compatibility conditions and prescrib-
ing boundary conditions. We appeal to the correspondence principle between the linear
elastic solids and the linear viscoelastic materials for solving the overall deformation of
composites having viscoelastic constituents. The normal stresses and displacement in the
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2D case, which vary with radial location r, and time t, are summarized as:
σirr(r, t) = σ
i
θθ(r, t) = P (t)− P0 (2.10)
σmrr(r, t) = T (1−
a2
r2
) +
a2
r2
P (t) (2.11)
σmθθ(r, t) = T (1 +
a2
r2
)− a
2
r2
P (t) (2.12)
uir(r, t) =
r
Ei
(σiθθ(r, t)− νiσirr(r, t)) (2.13)
umr (r, t) = r[J
m(t)(2T − P (0)(1 + pim))
−
∫ t
0
(1 + pim)Jm(t− s)dP (s)
ds
ds)] (2.14)
where the superscripts i and m denote the inclusion and matrix, respectively, the subscript
rr or r and θθ indicate the radial and circumferential (hoop) components, respectively. Ei
and νi are the elastic modulus and Poisson’s ratio for the elastic inclusion, respectively,
while Jm(t) and pim are the time-dependent compliance and the contracting ratio for the
viscoelastic matrix. The pre-existing compressive prestress in the inclusion is P0 and the
radial stress at the interface is P (t), which varies with time due to the viscoelastic response
of the matrix. For the problem under consideration, the shear components of stresses and
strains are absent. For the viscoelastic matrix, we considered two models: Maxwell fluid
model and Standard linear solid model. Maxwell fluid model is chosen for the viscoelastic
fluid-like matrix, while the Standard Linear Solid model is used for the viscoelastic solid-
like matrix.
For the linearized Maxwell model, the creep compliance is:
J(t) =
1
E
+
t
µ
, (2.15)
where E is the elastic constant of the spring and µ is the viscosity of the dash-pot.
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For the SLS model, the creep compliance is:
J(t) =
1
E
− E0
E(E + E0)
e
− EE0
µ(E+E0)
t (2.16)
whereE andE0 are the elastic constant of the springs and µ is the viscosity of the dash-pot.
As a result, the time-dependent radial stress at the interface, P (t), when the Maxwell
model is considered for the matrix is:
P (t) =
E(1− νi)(P0(1 + pim)− 2T )
(E(1− νi) + Ei(1 + pim))(1 + pim) (2.17)
exp (− E
iE(1 + pim)
µ(E(1− νi) + Ei(1 + pim))t) +
2
1 + pim
T
and when the SLS model is considered:
P (t) =
E0E
i(1− νi)(P0(1 + pim)− 2T )
(E(1− νi) + Ei(1 + pim))((E + E0)(1− νi) + Ei(1 + pim)) (2.18)
exp (− E0(E(1− ν
i) + Ei(1 + pim))
µ((E + E0)(1− νi) + Ei(1 + pim))t)
− 2E
i(1− pim)
E(1− νi) + Ei(1 + pim)T
+
E(1− νi)
E(1− νi) + Ei(1 + pim)P0
The stress and displacement fields can be determined by substituting P (t) from either
Eq. 2.17 or Eq. 2.18 into Eqs. 2.10-2.14.
In a similar manner, the response of the composite in 3D domain can be obtained. Like
in the 2D problem, it is assumed that the inclusion behaves like linear elastic isotropic
and homogeneous solids, while the matrix is comprised of a linear viscoelastic body and
that the inclusion and the matrix are perfectly bonded. The same variables and material
properties used in the 2D case are considered for the 3D composites. The field variables
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are listed as following:
σirr(r, t) = σ
i
θθ(r, t) = σ
i
ϕϕ(r, t) = P (t)− P0 (2.19)
σmrr(r, t) = T (1−
a3
r3
) +
a3
r3
P (t) (2.20)
σmθθ(r, t) = σ
i
ϕϕ(r, t) = T (1 +
a3
2r3
)− a
3
2r3
P (t) (2.21)
uir(r, t) =
r
Ei
(σiθθ(r, t)− νiσirr(r, t)− νiσiϕϕ(r, t)) (2.22)
umr (r, t) = (((1.5T − 0.5P (0))J(t)− 0.5
∫ t
0
J(t− s)dP (s)
ds
ds) (2.23)
− pim((P (0)J(t) +
∫ t
0
J(t− s)dP (s)
ds
ds)
+ ((1.5T − 0.5P (0))J(t)− 0.5
∫ t
0
J(t− s)dP (s)
ds
ds)))
where P (t) is the time-dependent radial stress at the interface as in 2D problem. When the
Maxwell model and SLS model are considered for the matrix, P (t) takes the following
form respectively:
P (t) = −E((P0(ν
i(1 + pim))− 0.5(1 + pim)) + T (−3νi(1− pim)− 1.5pim + 1.5))
0.5(1 + pim)(0.5Ei(1 + pim)− E(1− 2pim))
(2.24)
exp (− 0.5E
iE(1 + pim)
µ2(E(1− 2νi) + 0.5Ei(1 + pim))t) +
3(1− pim)T
1 + pim
P (t)=−E
iE0(P0(−0.5−0.5pim+νi(1+pim))+T (1.5−1.5pim+νi(−3+3pim)))
(0.5Ei(1+pim)+E(1−2νi))(0.5Ei(1+pim) + (E+E0)(1−2νi)) (2.25)
exp
−E0(0.5Ei(1 + pim) + E(1− 2νi))t
µ(0.5Ei(1 + pim) + (E + E0)(1− 2νi))
− EP0(−1 + 2ν
i) + EiT (−1.5 + 1.5pim)
0.5Ei(1 + pim) + E(1− 2νi)
It is noted that the real composite systems occupy a 3D space, thus a 3D solution is
more realistic than 2D solution. However, 2D solutions are generally simpler and have
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been widely used in obtaining rough estimates of the response of composites prior to
designing the composite materials and/or when designing structures made of composites.
One of the intentions of this study is to examine the responses from both 2D and 3D cases
which provides justification of the use of simpler 2D analysis.
2.2.1 Response of composites with the Maxwell(MX) and SLS models for the matrix
Consider a composite with a uniform external tension T = 200 MPa prescribed on the
boundary of the infinite matrix and a pre-existing compressive prestress P0 = 200 MPa
prescribed on the inclusion. The material parameters for the inclusion and viscoelastic
matrix, both with Maxwell and SLS models, are presented in Table 2.1.
Table 2.1: Properties of the constituents [1].
Constituents Parameters Values
Elastic inclusion Ei 200 GPa
νi 0.25
Maxwell matrix E 100 GPa
pim 0.33
µ 69 GPa · s
SLS matrix E 50 GPa
E0 50 GPa
pim 0.33
µ 69 GPa · s
Figures 2.1 and 2.2 depict the circumferential (hoop) and radial stress fields, respec-
tively, in the composites at several instants of time: early time, some time during relax-
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ation, and later time, obtained from 2D and 3D analysis using both the Maxwell and SLS
viscoelastic matrix model. It is seen that the differences in the hoop stresses from the
2D and 3D analysis are quite significant, especially for the hoop stress discontinuity at
the interface, while the radial stresses from the 2D and 3D analysis are sufficiently close.
High values in the hoop stress discontinuities can lead to debonding between the inclusion
and matrix, reducing the load carrying capacity of the composites. Although 2D analysis
are typically less complicated, they might lead to inaccurate prediction of the problems.
Especially in this case, if one wants to understand the debonding issues at the interface
and enhance the load carrying capacity by avoiding debonding, it is perhaps necessary to
consider 3D analysis. Next, it is also observed that for the above composites under exter-
nal tensile load, the magnitude of the tensile stress in the brittle inclusion and in the matrix
decreases significantly by introducing the compressive prestress, as illustrated in Fig. 2.3.
Reducing the tensile stresses in the brittle inclusion and ductile matrix can delay or min-
imize failure in the constituents due to cracking. It is also seen that when the Maxwell
fluid model is considered, the matrix undergoes more significant relaxation than when the
SLS model is considered, which is expected since the Maxwell fluid model experiences
continuous relaxation.
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(c) SLS model for 2D case.
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(d) SLS model for 3D case.
Figure 2.1: Hoop stresses along the radial direction at several instants of time [1].
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(b) Maxwell model for 3D case.
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(c) SLS model for 2D case.
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(d) SLS model for 3D case.
Figure 2.2: Radial stresses along the radial direction at several instants of time [1].
2.2.2 The effects of prestresses and instantaneous (elastic) modulus of the matrix
As both Maxwell and SLS show similar trends in terms of the stress fields in the
composites, in this section the discussion is confined to the Maxwell viscoelastic matrix.
An excellent example for a composite comprising of an elastic solid and a viscoelastic
fluid is the earth wherein the outer crust is usually approximated as an elastic solid while
the mantle is modeled as a viscoelastic fluid. Of course, in the model of the earth we also
need to deal with an inner core. However, for certain applications one is mainly concerned
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Figure 2.3: Hoop stress with and without pre-stressing the inclusion [1].
with the outer core and the mantle. Another interesting example of such a composite is
a blood cell which can be modeled as an elastic solid containing a viscoelastic fluid. It
suffices to recognize that there are several geological applications wherein one can view
the body of interest as a composite comprised of an elastic solid and a viscoelastic fluid
constituents. From Eq. 2.10 it is seen that increasing the value of the compressive prestress
P0 would lead to high compressive stresses in the brittle inclusions, which is desired if
the composites are predominantly carrying the external tensile stresses. This can avoid
cracking in the brittle inclusions. However, the load carrying capacity in the composite
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can also reduce due to debonding/delamination between the inclusion and matrix. As
stated above, debonding occurs due to high stress discontinuities at the interface between
the matrix and inclusion, 4σθθ(a, t) = σmθθ(a, t) − σiθθ(a, t). Fig. 2.4 shows the hoop
stress discontinuities at the interface, at different times, when different values of prestress
are prescribed. For the problem under consideration, there is a range of pre-stress values at
which the stress discontinuity at the interface is minimum, e.g. 50− 200 MPa. The result
from this case study can help designing composite with improved load carrying capacity.
Furthermore, the stiffness of the constituents also influences the magnitude of stresses
in the composites. Figure 2.5 shows the normal stress field in the inclusion and the hoop
stress discontinuities at the interface when the viscoelastic matrix has different values of
instantaneous modulus. The instantaneous modulus of the viscoelastic matrix only affects
the response at early time, as expected. Since the stiffer inclusion takes most of the load
from the compliant matrix. The softer the matrix, the smaller the stress discontinuity at the
interface is and the less the body experiences relaxation, as expected. Thus, when a brittle
and stiffer inclusion is used for composites that are designed to sustain external tensile
stresses, prescribing compressive prestress in the inclusion and considering softer or com-
pliant matrix hold promise with regard to enhancing load carrying capacity of composites.
2.2.3 Response of the composite due to uniaxial tensile load
The previous studies discuss the response of composites when a uniform tensile stress
is prescribed on the entire boundary of the composites. In many applications, composites
are often subjected to non-uniform boundary conditions, such as uniaxial loadings. This
study considers the effect of prestressing the inclusion on the overall response of compos-
ites when the composite system is subjected to a uniaxial tensile load. In such situation,
the stresses acting on the inclusion and matrix depend not only on the radial direction, but
also vary in the circumferential (hoop) direction. Furthermore, the composite experiences
20
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Figure 2.4: Hoop stress jump at the interface with external tension T = 200 MPa and
various prestresses [1].
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Figure 2.5: Stresses with external tensile load T = 200 MPa and internal compressive
prestress P0 = 200 MPa for 2D case. The Material parameters are Ei = 200 GPa, νi =
0.25, ν2 = 0.33, µ2 = 69 GPa · s [1].
both normal and shear stresses. Figure 2.6 illustrates the maximum principal stresses in
the inclusion at two radial locations, r = 0.5a and r = a, at time t = 10s, and at vari-
ous circumferential direction. The angle θ is measured starting from the horizontal axis
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pointed to the right direction and going counter clock wise direction up to θ = 2pi rad. It is
seen that the stresses in the inclusion vary from tension to compression. Figure 2.7 shows
the maximum shear stresses at the inclusion, r = 0.5a, and at the matrix, r = 1.5a. It is
seen that the existence of the shear stresses in the constituents could lead to shear failure in
the composites. In order to examine the potential of debonding at the interface, the hoop
stress discontinuities are also investigated, as shown in Fig. 2.8. Unlike the situation with
uniform external tensile load, when the composite is subjected to a uniaxial tensile load
the hoop stress discontinuities at the interface between the inclusion and matrix do not
necessarily drop with increasing the compressive prestress. At certain angles, e.g. θ = 0,
the stress discontinuity is small, whereas at other angles, e.g. θ = pi/2, the stress disconti-
nuity increases. Although in the case of uniaxial loading, the stress discontinuities would
vary at different locations and prestressing the inclusion does not necessarily reduce the
entire stress discontinuities, certain choice of prestressing can still give an enhanced per-
formance when taking into account the overall response of the composites. It is seen that it
is necessary to consider non-uniform prestress in the case of uniaxial loading as discussed
in Zhu et al.[1].
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Figure 2.6: Maximum principal stresses in the inclusion at a) r = 0.5a and b)r = a [1].
(a) (b)
Figure 2.7: Maximum shear stress a) in the inclusion r = 0.5a and b) in the matrix
r = 1.5a [1].
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Figure 2.8: Hoop stress discontinuities at the interface a) at θ = 0 and b) at t = 10s [1].
2.2.4 Non-uniform prestress in the case of uniaxial loading
In the above discussions, we have considered uniform prestresses only. In practice,
it might not always possible to obtain uniform prestresses. We have also investigated
the composite with a non-uniform prestress condition to examine the overall response of
composites under a more general prestress condition. Suppose the prescribed prestress in
the inclusion is a non-uniform function of θ. Let’s consider the situation when P (θ) =
P0(1+cos 2θ). The maximum principal stress in the inclusion and in the matrix are shown
in Fig. 2.9 and Fig. 2.10 at steady state t = 10s, respectively. Unlike the previous cases
for uniform prestress, the stress state transition is not monotonic here and shear stress in
the inclusion also changes due to this non-uniform prestress, as depicted in Fig. 2.11. The
effect of this non-uniform prestress on the hoop stress discontinuity is displayed in Fig.
2.12a and 2.12b. It is confirmed that the hoop stress discontinuity is decreased with the
appropriate prestress value. Thus, one can possibly conclude that when the composite is
predominantly subjected to uniaxial loading, perhaps non-uniform prestress is required to
enhance the overall load carrying capacity of the composite.
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Figure 2.9: Maximum principal stress in the inclusion at t = 10s varying with respect to
angle θ. (a) at r = 0.5a, (b) at r = a [1].
(a) (b)
Figure 2.10: Maximum principal stress in the matrix at t = 10s varying with respect to
angle θ.(a) at r = a, (b) at r = 1.5a [1].
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(a) (b)
Figure 2.11: Maximum shear stress. (a) at the inclusion location r = 0.5a, (b) at the
matrix location r = 1.5a [1].
(a) (b)
Figure 2.12: Hoop stress jump at the interface r = a. (a) at θ = 0, (b) at t = 10s [1].
2.2.5 Prestressing ductile inclusion in a brittle matrix
There are other types of composites which comprise of a ductile inclusion embedded in
a brittle matrix, such as adding rubber particles to the glassy polymers or using ductile in-
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clusions in the brittle ceramic matrix in order to improve ductility of the composites. This
case study deals with a composite with a ductile inclusion placed in an infinite medium of
a brittle matrix, and the composite is subjected to a uniform compressive stress, T = −200
MPa, on its boundary. Like in the previous cases, both inclusion and matrix are assumed
isotropic, homogeneous, and undergo small deformation, and the interface between the
inclusion and matrix is perfectly bonded. The inclusion is modeled as a Maxwell vis-
coelastic fluid while the matrix is assumed to be linearized elastic solid. The properties
for the Maxwell viscoelastic fluid and elastic solid from Table 3.1 are used. Figure 2.13a
depicts the time-dependent normal stresses in the inclusion at various values of prestress.
Both tensile and compressive prestresses are considered. It is seen that significant com-
pressive stress relaxation occurs in the viscoelastic inclusion, which should be expected.
The hoop stresses in the brittle matrix at the location r = 1.5a is shown in Fig. 2.13b. It
is shown that prestressing the inclusion in this case does not have significant effect on the
stress response of the viscoelastic inclusion as well as the elastic matrix. The hoop stress
discontinuities at the interface, shown in Fig. 2.14, indicates that the stress discontinu-
ities reach a minimum value when the prestress is in the range of 400 − 800 MPa in this
example.
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Figure 2.13: Stress fields in the inclusion and matrix at various values of prestresses [1].
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Figure 2.14: Hoop stress discontinuities at the interface with different values of prestress
[1].
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3. STUDIES OF INTERFACE/INTERSTITIAL MATTER: FE ANALYSIS
In reality, composites have finite dimensions and comprise of several particle arrange-
ments dispersed in matrix medium and the microstructures might also contain other in-
homogeneities, such as voids, cracks, and other constituents due to chemical reactions
during the processing. When one wants to model and analyze response of composites,
several simplification and approximation are often made in order to reduce complexity
as it might not be possible or even necessary to include all inhomogeneities in charac-
terizing the overall response of the composites. In most cases, it might not be possible
to obtain exact closed form solutions in predicting the response of the composites when
certain complexity is considered. For this purpose, numerical solutions are often sought.
Finite element (FE) method is commonly used to obtain approximate solutions to predict
the overall response of composites when a more complex microstructure is considered.
This section discusses FE analysis of composites due to a prestress effect by incorporating
more realistic microstructures, but still within certain simplification and approximation.
3.1 Analytical/Numerical solutions
In the previous section, the theoretical analysis for one inclusion embedded in an in-
finite medium are provided. The results using numerical method for finite medium is in-
vestigated and the numerical results are compared to those of theoretical solutions. Mean-
time, the comparison with analytical solutions justify the numerical analysis and further
makes the numerical analysis of composites with more realistic microstructures and ma-
terial models meaningful. The stress fields of the finite medium composite, comprising
of one inclusion with radius r = 0.001 mm, are depicted with markers in Fig. 3.1 and
Fig. 3.2, representing 2D and 3D, respectively. The solid line shows the corresponding
theoretical results for an infinite medium. As expected, the numerical results for finite
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matrix converge to the analytical results when the dimension ratio of matrix to inclusion
approaches high value(here, 10).
Figure 3.1: Stress field with various matrix dimension in 2D. Dimension of the matrix
from left to right: 4mm, 6mm, 10mm.
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Figure 3.2: Stress field with various matrix dimension in 3D. Dimension of the matrix
from left to right: 4mm, 10mm.
3.2 Finite element analysis
Consider a 3D cubic domain of a composite with a side length of 0.01 mm. The com-
posite contains uniform solid spherical inclusions, each of radius 0.001 mm, dispersed
randomly in the matrix domain. Figure 3.3 illustrates the composite microstructures, hav-
ing particle and matrix constituents, with 10% and 30% particle volume contents. These
non-overlapping identical spheres are randomly and sequentially generated in the matrix
using a new, modified random sequential adsorption algorithm suitable for particle volume
fractions up to 50 %[46].
We use the algorithm to generate the coordinates of the particle centers for composites
having 10 % and 30 % volume fractions. During the generation, the particles are allowed
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to intersect with the matrix surface. The interfaces between particles and matrix are as-
sumed perfect. Composites could also contain a small region (interstitial matter) between
the particle and matrix, which is considered as a third constituent. Interstitial matter could
be formed from the reaction process between the inclusions and matrix during the man-
ufacturing of the composites, or surface treatment or coating could also be performed on
the inclusions in order to enhance the bond strength between the inclusions and matrix.
This study also considers composite microstructures with interstitial regions between the
particles and matrix, as shown in Fig. 3.3. The thickness of the interphases is assumed
uniform, which is 0.0002 mm.
FE analysis are conducted on composites, having alumina (brittle) particles of a linear
elastic material model dispersed in FM73 polymeric matrix of viscoelastic behavior, sub-
jected to a uniform tensile load on the boundaries of the composites. The properties of the
alumina, interstitial matter, and FM73 polymer [47] are listed in Tables 3.1 and 3.2. The
interstitial matters are assumed as linear elastic. It is noted that experimentally character-
izing the properties and response of the interstitial matter is rarely done, and the interstitial
matter would strongly depend on the processing method, and the inclusions and matrix
used in the composites. Since the properties of interstitial matters are not readily available
in the literature, parametric studies are conducted on examining the effects of interstitial
matters of various properties and prestress on the overall response of composites. The
composite is meshed with quadratic tetrahedral element C3D10. Mesh convergence study
are depicited in Fig. 3.4.
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Figure 3.3: Composite model with various particle volume fractions.
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Figure 3.4: Mesh convergence study.
Table 3.1: Elastic properties and Prony series coefficients for the matrix [2].
n λn(s
−1) Dn × 10−6(MPa)−1
1 1 21.0
2 10−1 21.6
3 10−2 11.8
4 10−3 15.9
5 10−4 21.6
6 10−5 20.0
E = 2710 MPa ν = 0.35
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Table 3.2: Linear thermo-elastic properties of constituents.
Constituents E(GPa) ν α(/0C)
Inclusions 200 0.25 4.6× 10−6
Matrix 2.71 0.35 6.5× 10−5
Stiff interstitial matter 400 0.25 −
Soft interstitial matter 1.0 0.25 2.0× 10−4
3.3 Constitutive model
The Boltzmann integral model for linear viscoelasticity of non-aging matrix is consid-
ered. The uniaxial viscoelastic constitutive relation with fixed environmental conditions is
expressed as[41]:
ε(t) =D0σ(t) +
∫ t
0−
4D(t− τ)dσ(τ)
dτ
dτ, (3.1)
where D0 is the uniaxial instantaneous elastic compliance and 4D is the transient com-
pliance given by Prony series as:
4D(t) =
N∑
n=1
Dn(1− exp [−λnt]). (3.2)
This one-dimensional uniaxial relation is generalized to three-dimensional multi-axial
constitutive model by separating the deviatoric and volumetric strain-stress relations for
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isotropic material behaviors.
etij =
1
2
J0S
t
ij +
1
2
∫ t
0−
4J(t− τ)dSij(τ)
dτ
dτ (3.3)
εtkk =
1
3
B0σ
t
kk +
1
3
∫ t
0−
4B(t− τ)dσkk(τ)
dτ
dτ,
where eij , εkk, Sij and σkk represent the deviatoric strains, volumetric strain, deviatoric
stress and volumetric stress respectively. The parameters J0, B0, 4J and 4B are the in-
stantaneous elastic shear, bulk, transient shear, bulk compliances respectively. We assume
contraction ratio, pi, is time-independent for the matrix, thus, we can express the shear and
bulk compliance as:
J0 = 2(1 + pi)D0 B0 = 3(1− 2pi)D0 (3.4)
4J = 2(1 + pi)4D 4B = 3(1− 2pi)4D
A recursive algorithm, which is compatible with general displacement based FE struc-
tural analyses, is employed to solve the integral in Eq.(3.3). At the FE structural iteration,
the recursive-iterative algorithm is called at each material point for 3D continuum elements
to achieve structural and material convergence simutaneously. Detailed derivation of the
recursive-iterative algorithm can be found in [2] and [48]. For the iterative procedure, the
Newton-Raphson’s(NR) method is used. A solution of a variable x that satisfies F(x) = 0
is solved by:
x(k+1) = x(k) − [∂F(x
(k))
∂x(k)
]−1F(x(k)) (3.5)
Converged solutions: ‖ R ‖=‖ F ‖→ 0.
This procedure requires that F(x) and ∂F(x)
∂x
are continuous near solution x and ∂F(x)
∂x
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should not approach zero or infinite. The residual tensor in a total strain formulation is:
R
t,(k)
ij = e
t,(k)
ij +
1
3
ε
t,(k)
kk − εˆtij, (3.6)
where et,(k)ij and ε
t,(k)
kk are the deviatoric and volumetric strain tensors at the iteration k in
the material level, respectively. εˆtij is the current strain from the structural level.
The consistent tangent stiffness matrix Ctijkl at the converged state is:
Ctijkl =
∂4σtij
∂4εˆtkl
= [
∂Rtij
∂σtkl
]−1; ‖ Rtij ‖→ 0 (3.7)
3.4 The effect of particle volume contents and properties of the interstitial
matters
This study investigates the stress distributions in the composites, with and without pre-
stressing the inclusions. Consider composites with 10% and 30% particle volume contents,
subjected to a tri-axial tensile stress of 60 MPa on the boundary. Figure 3.5 illustrates the
maximum principal stress distributions in the particles, at time = 10 s, when the particles
are under a uniform compressive pre-stress of 200 MPa. The responses are also compared
to the ones without pre-stress. As expected, prestressing the brittle inclusions would in-
duce compressive stresses in the inclusions, while its effect on the stress distributions in
the matrix (Fig. 3.5) is negligible. It is also seen that in the composite with higher particle
contents, there are some localized stresses both in the particles and matrix, which could be
due to relatively small distances between particles in the matrix.
Next, the effect of properties of the interstitial matters, whether stiff or compliant,
on the overall response of composite is investigated. The properties of the interphases
are given in Table 3.2. The interfaces between the particles, interphases, and matrix are
assumed perfectly bonded. Figure 3.6 illustrates the stress distributions in the particles,
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interphases, and matrix. It is seen that the role of the interphases could be significant in
altering the overall performance of the composites. When the interphases are stiffer than
the particles the matrix experiences higher stresses as compared to the composites with soft
interphases. The interphases also influence the amount of the compressive stresses in the
brittle particles. The corresponding maximum strain contours for the composites with stiff
and soft interphases, at early and later times, are presented in Fig. 3.7. As expected these
strains increase with times due to the viscoelastic matrix. It is noted that the stress contours
remain nearly the same as a result of imposing equilibrium conditions. Continuously
increasing strains with time could eventually also lead to delamination between inclusions
and matrix.
Figure 3.5: The effect of particle volume contents on the overall response of composites
(t = 10s).
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Figure 3.6: The effect of stiff and soft interphases on the overall response of composites
with 10% particle volume content (t = 10s). Top: inclusions; middle: interstitial matters;
bottom: matrix.
Figure 3.7: Maximum principal strain contours in composites with 10% particle volume
content at early and later times. Top: inclusions; bottom: matrix.
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3.5 Prestressing particles through thermo-mechanical process
The above studies considered the effect of prestress and constituent behaviors on the
overall performance of composites. From the understanding of the response of compos-
ites, if we know characteristic of the constituents, different pre-stressing method can be
employed like thermal-process, which is by heating and cooling to induce thermal(pre-)
prestress, and autofrettage, which means high presssure applied to induce plastic deforma-
tion and upon removal of this pressure residual(pre-) stresses are developed.
This study will present a possible method to induce prestress on the inclusions by
temperature changes. Consider a composite comprising of brittle inclusions coated by soft
polymers, called soft interphases, dispersed in polymeric matrix. The linear thermo-elastic
properties of the constituents are given in Table 3.2. When a processing method involves
curing at an elevated temperature, e.g., 225 0C, upon cooling down to room temperature,
the mismatches in the thermal expansion coefficients(α) of the inclusions, interphases, and
matrix induce compressive prestresses to the inclusions. Figure 3.8 shows the contours of
the maximum principal stresses in the constituents at room temperature, after the cooling
process. It is seen that all inclusions are under compressive stresses, the soft interphases
experience tension, while the matrix is under nearly zero stresses. It is also observed
that the shear stresses in the constituents are negligible. This study shows a possibility in
prestressing the inclusions through temperature changes. Fig. 3.9 depicts the maximum
principal stress with and without thermal process resisting the same tensile loading. Due
to the existence of the compressive residual(pre-) stress in the inclusion, under the same
loading, the stress fields in the inclusion reduced and the effect to the matrix constituent is
relatively small.
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Figure 3.8: Maximum principal stresses in the constituents due to a temperature change.
(a)
(b)
Figure 3.9: Maximum principal stress with and without thermal process.
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4. A NEW CLASS OF ELASTIC AND VISCOELASTIC BODIES
4.1 Nonlinear elastic model
The previous section presents a thoroughly analytical and numerical investigation of
the prestress effect on the mechanical performance of composites within the context of
classical linearized elastic/viscoelastic constitutive models. This chapter studies the prob-
lem within the context of a new class of elastic bodies [29, 30, 31], which is a subset of a
generalization of classical Cauchy and Green elastic bodies, and then extend the model to
quasi-linear viscoelastic model to incorporate the time-dependence effect.
The generalization allows for an elastic body to be defined through:
f(B,σ, %) = 0 (4.1)
where B is Cauchy-Green stretch tensor, σ is Cauchy stress tensor, and % is the mass
density.
A special subclass of the above class of implicit models is the following class of ex-
plicit models that provide an expression for B in terms of σ, namely (see Rajagopal [28])
B = g(σ, %) (4.2)
For isotropic bodies, we have
B = α0I + α1σ + α2σ
2 (4.3)
where αi, i = 0, 1, 2 depend on the principal invariants of σ and the density %.
Following the standard linearizion procedure by assuming that the displacement gra-
42
dient is small for all time, that is,
max
x∈κ(B),t∈R
‖∂u
∂x
‖ = 0(δ) δ  1, (4.4)
where ‖ · ‖ stands for the usual trace norm. It follows that
E = ε+ 0(δ2), e = ε+ 0(δ2), B = 1 + 2ε+ 0(δ2) (4.5)
This leads to a relationship between linearized strain ε and the stress σ for isotropic
bodies:
ε = β0I + β1σ + β2σ
2, (4.6)
where βi, i = 0, 1, 2 depend on the principal invariants of σ.
Since the linearized strain ε is a nonlinear function of the stress σ, one can pick the
functions and parameters to achieve desired material responses according to the experi-
ment data. In one case, one can obtain bounded strains that can be fixed to be as small
as one wishes, while the stress is allowed to grow and even become unbounded. Or if
we have a material experience stress softening, one can pick functions and parameters to
describe such behavior. A nonlinear function taking the form [32] is:
ε = −αf1(σ)I + γf2(σ)σ, (4.7)
where f1 and f2 are functions of the invariants, I1 = trace(σ), I2 = 12 trace(σ
2), I3 =
1
3
trace(σ3). In this study, we chose the nonlinear elastic function f1(σ) = exp(βI1) − 1
and f2(σ) =
exp(δ
√
2I2)−1√
2I2+1
by observing the nonlinear elastic response of polyoxymethylene
(POM) from Muliana et al.[3].
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By requiring linearity in σ, the above model reduces to
ε = −αβtr(σ)I + δγσ (4.8)
Compare with the classical linearized elastic model:
αβ =
−ν
E
δγ =
1 + ν
E
(4.9)
In the following discussion, the material parameters for the stress softening model are
calibrated from the experimental data of POM. The constitutive theory has been presented
recently (see [11,12,14, 15,19]), and the implications and consequences of these new class
of constitutive relations are examined. It is meaningful to perform parametric study for
this model. The same model with different material parameters can be used to describe
response of materials with limiting strain and stress softening. The response from these
models are compared with classical linearized elastic body. The material parameters used
are presented in Table 4.1 [3].
Table 4.1: Nonlinear elastic material parameters [3].
Parameters Limiting stress model Limiting strain model
α 0.21× 10−2 - 0.21× 10−2
β 0.037 1MPa - 0.037
1
MPa
γ 0.74× 10−2 - 0.74× 10−2
δ 0.037 1MPa - 0.037
1
MPa
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4.1.1 Numerical implementation
Numerical method is used to obtain an approximate solution for the corresponding
stress output. A Newton-Raphson iteration method is used to minimize the error(Residual)
from linearization. The trial(initial) guess of stress is taken as σt,(tr) = σt,(0) = σt−4t.
The residual vector Rt,(k) is
Rt,(k) = −α[f1(σt,(k))− f1(σt−4t)]I
+ γ[f2(σ
t,(k))σt,(k) − f2(σt−4t)σt−4t], (4.10)
where k is iteration counter.
Stress at current time is corrected as:
σt,(k+1) = σt,(k) − [∂R
t,(k)
∂σ
]−1Rt,(k) (4.11)
and the consistent tangent matrix is:
∂Rt,(k)
∂σ
= −α∂f1(σ
t,(k))
∂σ
I + γ
∂f2(σ
t,(k))
∂σ
σt,(k) + γf2(σ
t,(k))I
∂Rt,(k)
∂σ
= −α∂f1(σ
t,(k))
∂I1
IA + γ
∂f2(σ
t,(k))
∂I2
Σ + γf2(σ
t,(k))IB (4.12)
IA =

1 1 1 0 0 0
1 1 1 0 0 0
1 1 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

; Σ =

σ11
σ22
σ33
σ12
σ13
σ23

[
σ11 σ22 σ33 2σ12 2σ13 2σ23
]
;IB = I6×6
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Figure 4.1: Uniaxial response for one element with various models in comparison with
linear elastic model.
In order to visualize the response of various models, we implemented the user subrou-
tine with one element under uniaxial loading. Fig. 4.1 shows the corresponding stress-
strain responses for these models comparing with classical linearized elastic model. For
the limiting strain model, the linearized strain remains small even with large stress input,
and the stress will approach an asymptotic value for the stress softening model. For all
these models we studied, a positive Poisson’s ratio are assumed.
4.1.2 Boundary value problem studies
The same boundary value problems are considered as in previous sections but now the
matrix behaves as in Eqn. 4.7. The parameters for the matrix are listed in Table 4.1 and
the inclusion constituent is listed in Table 4.2.
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(a) Triaxial loading.
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(b) Triaxial loading.
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(c) Uniaxial loading.
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(d) Uniaxial loading.
Figure 4.2: Hoop stresses and strains for composites with one stiffer inclusion.
Table 4.2: Elastic parameters for inclusion.
Parameters Stiffer inclusion Softer inclusion
E 10 GPa 1 GPa
ν 0.3 0.3
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(a) Triaxial loading.
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(b) Triaxial loading.
Figure 4.3: Hoop stresses and strains for composite with a softer inclusion.
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(a) Without prestress.
0 1 2 3 4 5
−6
−4
−2
0
2
4
6
8
10
12
distance r/a
H
o
op
st
re
ss
(M
P
a)
 
 
Stress Softening Model
Limiting Strain Model
Linear Elastic Model
(b) With prestress.
Figure 4.4: Hoop stresses with and without prestress for various nonlinear elastic models
in comparison with linear elastic model.
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(a) Without prestress.
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Figure 4.5: Hoop strains with and without prestress for various nonlinear elastic models
in comparison with linear elastic model.
Consider first composites with just one linearized elastic inclusion embedded in a elas-
tic medium exhibiting limiting strain or stress softening behavior. Fig. 4.2 and Fig. 4.3
illustrates the hoop stress and hoop strain along the radial direction. The results of lin-
earized elastic matrix are also plotted for comparison. We consider composites with both
soft inclusions and brittle inclusions. The composites may resist uniform tensile loading
or under uniaxial loading. It is worth noting that for the stress softening model, the rela-
tively small stress in the matrix leads to a higher stress in the inclusion as expected, due
to imposing equilibrium condition. For the matrix showing limiting strain behavior, the
result agrees with the response presented in [49] and [50], the linearized strain is bounded.
Also, it is obvious that with a stiffer inclusion, the stress fields in the inclusion are higher
compared to the one with a soft inclusion. Since for composite having an inclusion with a
higher elastic modulus, the inclusion will bear more loading.
The hoop stress and strain fields are also plotted for cases with and without prestressing
the inclusions. Both nonlinear elastic models are considered and compared with the linear
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elastic case. As illustrated in Fig. 4.4 and 4.5, the compressive prestress on the inclusion
reduces the stress fields in the inclusion and with enough prestress value, the tensile stress
in the inclusion can be decreased to a compressive stress. For composite with just one
inclusion, one may conclude that the deformation in the inclusion reduces significantly
while the effect to the matrix is relatively small by applying compressive prestress on the
inclusion.
As discussed earlier, composites with 10 % volume fraction under triaxial tensile load-
ing are also evaluated here. The uniform tensile traction prescribed on the boundary is
10 MPa and the compressive prestress on the inclusion is 20MPa. The geometry of the
composite is shown in Fig. 3.3a. Fig. 4.6 shows the maximum principal stress and strain
with various matrix behaviors with and without prestress. As expected, for stress softening
matrix, the stress in the matrix is bounded and the stress in the inclusion is higher com-
pared to the linearized elastic matrix case due to equilibrium requirement. For limiting
strain model, the linearized strain is bounded in the matrix. It is also seen that the stress
and strain are reduced in the inclusion while the effect to the matrix is negligible with and
without prestressing the inclusion.
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(a) Without prestress.
(b) With prestress.
Figure 4.6: Maximum principal stress and strain with and without prestress.
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4.2 Nonlinear viscoelastic model
In classical linearized elasticity, one could express stress in terms of the linearized
strain and the linearized strain in terms of the stress. Both of these expressions are con-
sidered equivalent. As discussed earlier, since force is the cause for deformation, it makes
remarkable sense to express the strain in terms of the stress. A similar argument presents
itself in linear viscoelasticity wherein one could describe the strain in terms of the stress
history instead of expressing the stress in terms of the history of the linearized strain. In
analogy to the quasi-linear viscoelastic model developed by Rivlin [51] and others where
the stress being given as the function of the kinematic quantity, the new class of quasi-
linear model we are going to discuss to describe the nonlinear viscoelastic response is
[32]
B = f(σ(0), t) +
∫ t
0
∂f(σ(s), t− s)
∂σ(s)
dσ(s)
ds
ds, (4.13)
where f is an isotropic function and B is the Cauchy-Green tensor.
Following the standard linearization procedure as we discussed in the elastic case, the
linearized strain ε is expressed as
ε = fˆ(σ(0), t) +
∫ t
0
∂ fˆ(σ(s), t− s)
∂σ(s)
dσ(s)
ds
ds, (4.14)
where fˆ is 1
2
[f − I].
It is also worth noting that the way of expressing strain as a function of stress and its
history not only in accordance with the cause and effect argument, but also makes more
natural sense from experimental viewpoint. Creep tests are natural and straightforward
to be carried out for viscoelastic bodies, and for stress relaxation experiments a more
complicated apparatus is involved. Muliana et al. [32] has discussed a new class of quasi-
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linear model within one dimensional study. Following from the constitutive relation (4.14)
fˆ(σ(t), t) = G(σ)J(t), (4.15)
where the functionG(σ) is a nonlinear function of the stress and J(t) is the creep function.
When G(σ) is a linear function of the stress, this model can reduce to the constitutive re-
lation for a linear viscoelastic body. For materials with fading memory, the creep function
J(t) could take the form
J(t) = J(0) +
N∑
n=1
Jn(1− exp [−λnt]) (4.16)
The nonlinear function G(σ) is analogy to the strain function discussed in the previous
section for the nonlinear elastic bodies.
Now, in analogy to linear elastic case, we extend the one dimensional model to three
dimensional model by assuming two time dependent creep function B(t) and J(t):
B(t) = B(0) +
N∑
n=1
Bn(1− exp [−τnt]) (4.17)
J(t) = J(0) +
N∑
n=1
Jn(1− exp [−λnt]) (4.18)
Following from Eqn. 4.7, the three dimensional nonlinear viscoelastic model takes the
form:
ε = −α
∫ t
0
B(t− s)d(f1(σ)tr(σ))
ds
ds I + γ
∫ t
0
J(t− s)d(f2(σ)σ)
ds
ds (4.19)
Consider the same f1 and f2 functions as in nonlinear elastic case and the time depen-
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dent functions Bn and Jn are listed in Table 4.3[3].
Table 4.3: Time dependent functions [3].
n τn = λn Bn Jn
0 - 1.0 1.0
1 5 0.017 0.015
2 10 0.025 0.02
3 100 0.03 0.03
4 500 0.03 0.05
5 1000 0.1 0.08
6 5000 0.16 0.15
7 10000 0.3 0.2
8 50000 0.54 0.5
This new class of quasi-linear viscoelastic model will be implemented and with the FE
formulation, the analysis within the context of the composites will be discussed. We will
discuss the problem within the context of several constitutive theories and make contrast
to the results for the classical linearized elastic and viscoelastic bodies.
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4.2.1 Numerical implementation
Following from Eqn. 4.19, the convolution integral is divided into recursive parts. we
have
εtij = −[αB(0)f tσtkk − αΣBnf tσtkk + αΣBn
∫ t
0
exp [−(t− s)/τn]d(f1σkk)
ds
ds]
δij + γJ(0)f
tσtij + γΣJnf
tσtij − γΣJn
∫ t
0
exp [−(t− s)/λn]d(f1σij)
ds
ds
= −α(B(0) + ΣBn)f tσtkkδij + αΣBnqtnδij
+ γ(J(0) + ΣJn)f
tσtij − γΣJnptij,n (4.20)
where qtn and p
t
ij,n are state variables taking the following forms:
qtn = e
−∆t/τnqt−∆tn +
∫ t
t−∆t
exp [−(t− s)/τn]d(f1σkk)
ds
ds
= e−∆t/τnqt−∆tn +
∆t
2
[
f t1σ
t
kk − f t−∆t1 σt−∆tkk
∆t
+ e−∆t/τn
∆(f1σkk)
∆t
|t−∆t]
ptij,n = e
−∆t/λnpt−∆tij,n +
∫ t
t−∆t
exp [−(t− s)/λn]d(f2σij)
ds
ds
= e−∆t/λnpt−∆tij,n +
∆t
2
[
f t2σ
t
ij − f t−∆t2 σt−∆tij
∆t
+ e−∆t/λn
∆(f2σij)
∆t
|t−∆t] (4.21)
The recursive approach minimizes the storage required to perform the constitutive integra-
tion. Using Newton-Raphson iteration method to minimize the error from linearizion. As
we discussed in the nonlinear elastic section, using the trial guess stress σt,(tr) = σt,(0) =
σt−4t, we can update the stress and tangent stiffness matrix when the residual error falls
into the desired tolerance. Once the convergence is achieved, the hereditary integrals in
each prony series are calculated and stored in order to be used in the next time integration
step. Detailed derivatives of the recursive-iterative algorithm can be found in APPENDIX.
Table. 4.4 illustrates the user material subroutine algorithm.
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Table 4.4: Recursive-iterative algorithm.
1.Input variables: (at the mth global iteration)
εt−4tij ,4εt−4t,(m)ij ,4t(m) History σt−4tij , pt−4tij,n , qt−4tn
2.Initial approximation variables:
σ
t,(0)
ij = σ
t−4t
ij
3.Iterate for k = 1, 2, 3... (k is local iteration counter)
 Compute stress correction
σ
t,(k+1)
ij = σ
t,(k)
ij − [
∂R
t,(k)
ij
∂σtkl
]−1Rt,(k)kl
 Evaluate residual tensor
R
t,(k+1)
ij = e
t,(k+1)
ij +
1
3
ε
t,(k+1)
kk − εˆt,(m)ij
IF ‖ Rt,(k+1)ij ‖≤ Tol THEN GOTO 4 and EXIT
ENDIF GOTO 3
4. Update stress, consistent tangent stiffness, and history variables:
σt ← σt,(k+1) Ctijkl ptij,n ← pt,(k+1)ij,n qtn ← qt,(k+1)n
The numerical constitutive model is then implemented within a displacement based
FE structural analysis environment. The user material subroutine is implemented with
commercial software ABAQUS to perform parametric studies on composites with various
constituents.
We considered two nonlinear viscoelastic models: one with the limiting strain behav-
ior and the other one with stress softening behavior. The user subroutines are implemented
with one element under uniaxial loading to visualize the creep response for these viscous
models. Using the same nonlinear elastic parameters as we used in the previous section,
the corresponding stress-strain responses are plotted in comparison with the linear vis-
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coelastic response.
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Figure 4.7: Uniaxial response for one element for nonlinear viscoelastic models in com-
parison with linear viscoelastic model.
Creep can be observed from Fig. 4.7 for three viscous models. We assume positive
Poison’s ratio for all three models. Still, comparing to linear viscoelastic model, the lin-
earized strain remains small even with large stress input for the limiting strain model and
the stress will approach asymptotic value for the stress softening model. Despite of the
various nonlinear instantaneously elastic behaviour, as time increase, these models show
clear creep which is as expected.
4.2.2 Boundary value problem studies
With the user subroutine in hand, let’s perform parametric studies for composites with
various volume fractions.
Consider composite with only one inclusion and the matrix shows nonlinear viscoelas-
tic behaviour as we described in Eqn. 4.19. The parameters for the matrix are listed in
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Table 4.1 for the elastic parts and Table 4.3 for the time dependent creep parts and the
inclusion constituent is listed in Table 4.2. Fig. 4.8a depicts the hoop strain dependence
on time without prestress for stress softening model while Fig. 4.8b shows the hoop strain
fields with prestress. Creep behavior can be noted clearly and also the transfer of tensile
stress to compressive stress in the inclusion. Fig. 4.9 shows the hoop strain with respect
to time with and without prestress for limiting strain nonlinear viscoelastic model. Since
matrix still has viscous part, creep response can also be seen here. It is also noted that the
strain in the matrix modeled with limiting strain model shows a limited value compared to
the one modeled with stress softening model.
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Figure 4.8: Hoop strain dependence on time for nonlinear viscoelastic model showing
stress softening behavior.
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Figure 4.9: Hoop strain dependence on time for nonlinear viscoelastic model showing
limiting strain behavior.
Composites with 10 % particle volume content under triaxial tensile loading are also
discussed here. The geometry of the composite is already discussed before as in Fig. 3.3a.
Fig. 4.10 depicts the maximum principal stress and strain with and without prestress for
composite comprise of matrix modeled with stress softening model. It is noted that the
prestress on the inclusion transfer the tensile stress to compressive stress for the inclusion.
Fig. 4.11 shows the maximum principal strain with respect to time for composite having
matrix with stress softening behavior. The two plots depict the strain field at early time
and later time during creep respectively. It is obvious that the matrix which is modeled as
viscoelastic material experience creep as expected. Similarly, creep response can also be
observed from Fig. 4.12 which shows the strain response for composite comprise of matrix
having limiting strain behavior. Fig. 4.13 compares the axial displacement responses
for composites comprise of various properties of matrix with and without prestress. The
axial displacement is the least for the matrix showing limiting strain behavior which is
as expected. Since the creep functions are choosing to be the same for all these models,
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the creep responses are very similar for all of them. The overall deformation response
decrease due to the compressive prestress in the inclusion.
(a) Maximum principal stress.
(b) Maximum principal strain.
Figure 4.10: Maximum principal stress and strain with and without prestress.
Figure 4.11: Maximum principal strain dependence on time with matrix showing stress
softening behavior.
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Figure 4.12: Maximum principal strain dependence on time with matrix showing limiting
strain behavior.
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Figure 4.13: Axial displacement for three viscoelastic models.
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5. SUMMARY
In this dissertation, a novel theoretical and computational study of the possibility of
enhancing the overall performance of composites by pre-stressing one or more of the con-
stituents of a composite has been presented.
When composites comprising of brittle inclusions and ductile/soft matrix are consid-
ered, high values in the hoop stress discontinuities are observed. These high stress dis-
continuities can lead to debonding between the inclusion and matrix, reducing the load
carrying capacity of the composites. It is also observed that for the above composites un-
der uniform external tensile load, the magnitude of the tensile stress in the brittle inclusion
and in the matrix decreases significantly by introducing the compressive prestress to the
brittle inclusions. Reducing the tensile stresses in the brittle inclusion and ductile matrix
can delay or minimize failure in the constituents due to cracking. Furthermore, the stiff-
ness of the constituents also influences the magnitude of stresses in the composites. As
expected the instantaneous modulus of the viscoelastic matrix only affects the response
at early time. The softer the matrix, the smaller the stress discontinuity at the interface
is. Thus, when a brittle and stiffer inclusion is used for composites that are designed to
sustain external uniform tensile stresses, applying compressive prestress in the inclusion
and considering softer or compliant matrix hold promise with regard to enhancing load
carrying capacity of composites. Unlike the case of uniform external tensile stress, when
the composite is subjected to a uniaxial tensile load the hoop stress discontinuities at the
interface between the inclusion and matrix do not necessarily drop with increasing the
compressive prestress. At certain locations, the stress discontinuity is small, whereas at
other locations the stress discontinuity increases. Although in the case of uniaxial loading,
the stress discontinuities would vary at different locations and prestressing the inclusion
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does not necessarily reduce the entire stress discontinuities, certain choice of non-uniform
prestressing can still give an enhanced performance when taking into account the overall
response of the composites.
FE analyses of composites due to prestress are presented by incorporating more realis-
tic microstructures, but still within certain simplification and approximation. The com-
posite contains uniform solid spherical inclusions of a brittle material, each of radius
0.001mm, dispersed randomly in the viscoelastic matrix domain. Prestressing the brit-
tle inclusions induces compressive stresses to the brittle inclusions, while its effect on the
stress distributions in the matrix is negligible. Thus, prestressing the inclusions is promis-
ing in increasing tensile load carrying capacity in composites comprising of brittle inclu-
sions. In the composite with higher particle contents, there are some localized stresses
both in the particles and matrix, which could be due to relatively small distances between
particles in the matrix. High localized stresses could induce failure in the composites,
reducing the load carrying capacity of the composites. Next, the effect of the properties
of interstitial matters on the overall response of composite is studied. The role of the
interstitial matters is significant in affecting the overall performance of the composites.
When the interstitial matters are stiffer than the particles the matrix experiences higher
stresses as compared to the composites with soft interphases. The interstitial matters also
influence the amount of the compressive stresses in the brittle particles. Moreover, strains
increase with time due to the viscoelastic matrix and continuously increasing strains with
time could eventually also lead to delamination between inclusions and matrix.
Also, the FE analysis was conducted so as to examine a possible method to induce
prestress on the brittle inclusions, coated by soft polymer interphases, by temperature
changes. When a processing method involves curing at an elevated temperature, upon
cooling down to room temperature, the mismatches in the thermal and mechanical prop-
erties of the inclusions, interphases, and matrix induce compressive prestresses in the in-
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clusions, while the soft interphases experience tension and the matrix is under nearly zero
stresses. It is also observed that the shear stresses in the constituents are negligible. This
study shows that prestressing brittle inclusions could lead to increasing load carrying ca-
pacity of composites under tensile loading.
Finally, composites comprise of constituents showing nonlinear elastic or nonlinear
viscoelastic behavior which fall into a new calss of material models are evaluated. The
linearized strain remains small even with large stress input for limiting strain model and the
stress will approach an asymptotic value for the stress softening model. The prestressing
on the inclusion still affects the stress fields in the inclusion while the influence on the
matrix is negligible.
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APPENDIX
As we stated in the main body of the dissertation, when the stress is prescribed, the con-
stitutive model defined through Eqn. 4.19 directly gives the corresponding strain. When
the strain input is prescribed, it would in general be more challenging to determine the
corresponding stress output, and hence, we provide a numerical solution based on a trial
solution for the response as a first approximation, which is then followed by an iteration
to minimize the error (residual) from the linearizion.
Using a recursive method to solve the integral model 4.19, the time dependent strain is
written as:
εtij = −α(B(0) + ΣBn)f tσtkkδij + αΣBnqtnδij
+ γ(J(0) + ΣJn)f
tσtij − γΣJnptij,n, (1)
where qtn and p
t
ij,n are the history variables that incorporates the loading histories and
need to be evaluated at each time increment. The history variables at current time is
approximated as:
εtij = −[αB(0)f tσtkk − αΣBnf tσtkk + αΣBn
∫ t
0
exp [−(t− s)/τn]d(f1σkk)
ds
ds]
δij + γJ(0)f
tσtij + γΣJnf
tσtij − γΣJn
∫ t
0
exp [−(t− s)/λn]d(f1σij)
ds
ds
= −α(B(0) + ΣBn)f tσtkkδij + αΣBnqtnδij
+ γ(J(0) + ΣJn)f
tσtij − γΣJnptij,n (2)
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where qtn and p
t
ij,n are state variables taking the following forms:
qtn =
∫ t−∆t
0
exp [−(t− s)/τn]d(f1σkk)
ds
ds+
∫ t
t−∆t
exp [−(t− s)/τn]d(f1σkk)
ds
ds
≈ e−∆t/τnqt−∆tn +
∆t
2
[
f t1σ
t
kk − f t−∆t1 σt−∆tkk
∆t
+ e−∆t/τn
∆(f1σkk)
∆t
|t−∆t]
ptij,n =
∫ t−∆t
0
exp [−(t− s)/λn]d(f2σij)
ds
ds+
∫ t
t−∆t
exp [−(t− s)/λn]d(f2σij)
ds
ds
≈ e−∆t/λnpt−∆tij,n +
∆t
2
[
f t2σ
t
ij − f t−∆t2 σt−∆tij
∆t
+ e−∆t/λn
∆(f2σij)
∆t
|t−∆t] (3)
At the initial time t = 0, the history variables qtn and p
t
ij,n would be zero and the initial
strain ε(0) will correspond to an elastic response:
ε(0) = −αB(0)f1(σ(0))I + γJ(0)f2(σ(0))σ(0), (4)
The current strain can be expressed in terms of the current stress and history variables
after detailed calculations:
εtij = −Btσtkkδij +Btfδij + J tσtij − J tij,f , (5)
where
B
t
= α[B(0) +
1
2
ΣBn]f
t
1
J
t
= γ[J(0) +
1
2
ΣJn]f
t
2
Btf = αΣBn[q
t
n −
1
2
f t1σ
t
kk]
J tij,f = γΣJn[p
t
ij,n −
1
2
f t2σ
t
ij] (6)
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Following that, the incremental strain ∆εtij is defined by
∆εtij = −(Btσtkk −Bt−∆tσt−∆tkk )δij + (Btf −Bt−∆tf )δij
+ (J
t
σtij − J t−∆tσt−∆tij )− (J tij,f − J t−∆tij,f ) (7)
The above equation can be used to determine the unknown stress increment for a given
strain increment and the previous history state, qtn and p
t
ij,n. After that, a iterative method
is needed in order to arrive the correct stress states. Equation 7 is further linearized after
assuming:
B
t
= B
t−∆t
J
t
= J
t−∆t
(8)
After some algebraic manipulations, the approximate incremental stresses can be ex-
pressed as
∆σt,trij =
1
J
t (∆ε
t
ij + J
t
ij,f − (J tij,f − J t−∆tij,f )− (Btf −Bt−∆tf )δij)
+
B
t
(J
t − 3Bt)J t
(∆εtkk + (J
t
kk,f − J t−∆tkk,f )− 3(Btf −Bt−∆tf ))δij (9)
An iteration scheme is developed in order to find the correct stress states for a given
strain increment. The corresponding stress output is obtained by minimizing the residual
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vector R, which is expressed as
Rtij = −C1(f t1σtkk − f t−∆t1 σt−∆tkk )δij + αΣBn[(e−∆t/τn − 1)qt−∆tn
+
∆t
2
e−∆t/τn
∆(f1σkk)
∆t
|t−∆t]δij
+ C2(f
t
2σ
t
ij − f t−∆t2 σt−∆tij )− γΣJn[(e−∆t/λn − 1)pt−∆tij,n
+
∆t
2
e−∆t/λn
∆(f2σij)
∆t
|t−∆t]−∆εtij, (10)
where
C1 = α[B(0) +
1
2
ΣBn]
C2 = γ[J(0) +
1
2
ΣJn] (11)
Stress at current time is corrected as:
σ
t,(k+1)
ij = σ
t,(k)
ij − [
∂R
t,(k)
ij
∂σkl
]−1Rt,(k)ij , (12)
where k is the iteration counter.
The consistent tangent matrix is defined by
∂R
t,(k)
ij
∂∆σtkl
= −C1 ∂f1
∂∆σtkl
σtmmδij − C1f1
∂σtmm
∂∆σtkl
δij
+ C2
∂f2
∂∆σtkl
σtij + C2f2
∂σtij
∂∆σtkl
(13)
An updated trial stress can be solved from a system of linear equations and is used
iteratively until a satisfied level of residual norm can be tolerated, i.e., ‖R‖ 6 Tol.
When the converged stress states have been achieved, it is also necessary to update his-
tory variables qtn and p
t
ij,n in Eqn. 3 and calculate
∆(f1σkk)
∆t
=
f1(σtij)σ
t
kk−f1(σt−∆tij )σt−∆tkk
∆t
and
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∆(f2σij)
∆t
=
f2(σtij)σ
t
ij−f2(σt−∆tij )σt−∆tij
∆t
which are also stored as history variables which will be
used in Eqn. 3 and Eqn. 10 in order to continue iteration in the next time integration step.
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